The Dirac eigenvalues form a subset of observables of the Euclidean gravity. The symplectic two-form in the covariant phase space could be expressed, in principle, in terms of the Dirac eigenvalues. We discuss the existence of the formal solution of the equations defining the components of the symplectic form in this framework. *
One of the major obstacles in quantizing the gravity is finding a complete set of observables of it. Recently, a certain progess has been made in defining and manipulating covariant observables in various theories of gravity [1, 2, 3, 4] . Previous works showed that the Dirac eigenvalues can be considered as observables of gravity, too, on manifolds endowed with an Euclidean structure [5, 6, 7] . The result was generalized to include the local N = 1 supersymmetry in [8, 9, 10, 11] and it was shown to be connected to spectral geometry in [12] . However, in order to completely understand the covariant phase space of the Euclidean gravity in terms of the Dirac eigenvalues, one has to know what is the form of the symplectic two-form in terms of the observables. The aim of this letter is to discuss the existence of a formal solution of this problem.
Let us begin by considering a four-dimensional compact manifold M without boundary endowed with an Euclidean metric field g µν . One introduces a tetrad field which maps the metric at each point x ∈ M to the local Euclidean metric in the tangent space:
The covariant phase space of the theory is given by non-equivalent solutions of the Eistein equations on M modulo the "gauge transformations", i. e. transformations generated by local SO(4) times diffeomorphisms. The functions of the phase space are observables of the theory. Consider now the Dirac equation
where |ψ n is a spinor field (in the Dirac's bra-ket notation) and n is a positive integer (for simplicity, we assume that the Dirac operator D has no zero eigenvalue.) The eigenvalues λ n define a discrete family of real valued functions on the space of smooth tetrads E and a function from E into the space of infinite sequences R ∞
For every n, λ n [E] is invariant under the gauge group action on the tetrads [5] . In general, λ n do not form a set of coordinates neither on the space of gauge orbits nor on the phase space [5] . In order to analyse the phase space further, one has to define the Poisson structure on the set of the eigenvalues. This can be achieved by constructing firstly the symplectic two-form of general relativity [13] 
where X a µ [E] define a vector field on the phase space and the brackets are given by
Here, Σ is an arbitrary Arnowitt-Deser-Misner surface an n ρ is its normal one form. The two-form Ω is invertible only on the space of gauge fixed fields since it is degenerate on the space of the solutions of the Einstein equations. The coefficients of Ω are given by the following relation
As was already noted in [6] , the symplectic two-form (4) can be written in terms of the Dirac eigenvalues if the map (3) is locally invertible on the phase space. Then, the coefficients Ω mn of Ω defined by the following relation
can be expressed in terms of (6) as follows
where
In order to have a complete description of the phase space of the theory in terms of the Dirac eigenvalues, one has to express the coefficients Ω mn in terms of Ω µν IJ (x, y), that is to invert (9) . To this end, we introduce the following objects which are well defined since the map (3) is invertible (a necessary condition for the existence of Ω mn )
A simple algebra shows that the following two relations hold
Note that the coefficients Ω mn do not depend explicitely on the point x of M . Moreover, since the eigenvalues λ n of D are defined globally on M , Ω mn has the same property. Therefore, in order to elliminate the dependence on the points x and y, one has to integrate twice over M when inverting (8) . Then, using (10) and (12) one can obtain from (8) the following relation
where Dx = d 4 x √ g and V M is the four-volume of M . Note that in order to obtain the relation (8) from (13) one has either to rescale the relation (12) by a factor of V M in the r.h.s. or to rescale the delta-function integral on M . In what follows, we are going to use the relation
A formal solution of (13) can be given once U n I µ (x)'s are known. To calculate them, we use the Dirac equation (1) . Assume that the Dirac eigenspinors satisfy the global orthoganality and closure relations
where the scalar product in the Hilbert space of the vector fields on M is defined as
Here, ψ(x) | φ(x) is the scalar product in the local spinor fiber S x (M ) over x. The local spinor sections {| ψ n (x) } are induced by the fields {| ψ n }. We assume further that the global fields are defined by integral of local spinors
Then, the bilocal scalar product and the local closure relations are given by the following relations
The local orthogonality and closure relations must be defined in order to deal with the local terms in the relation (13) . The next step is to project Ω mn onto the basis formed by the eigenspinors of D. Since the coefficients of the symplectic form in the basis formed by λ n are globally defined on M , the projection should be performed onto the basis {| ψ n } rather than onto {| ψ n (x) }. By using the relations (15), (16), (18), (19) and (20), one can easily show that the components of Ω mn are given by
where we are using the following shorthand notations
Given the manifold M , one could calculate, in principle, the matrix elements of [Ω µν IJ (x, x)] after computing the spectrum of the Dirac operator. What is left are the matrix entries from (23). To obtain them we derive the local Dirac equation with respect to the eigenvalue λ m . The resulting relation has the following form
for all m,r and n. Here, the sum is over k only and
These terms are determined by the eigenspinors of D and by noting that
